ABSTRACT: Within the last few decades, experts and scientists dealing with the flow of non-Newtonian fluids (most especially Casson fluid) have confirmed the existence of such flow on a stretchable surface with low heat energy (i.e. absolute zero of temperature). This article presents the motion of a three-dimensional of such fluid. Influence of uniform space dependent internal heat source on the intermolecular forces holding the molecules of Casson fluid is investigated. It is assumed that the stagnation flow was induced by an external force (pressure gradient) together with impulsive. Based on these assumptions, variable thermophysical properties are most suitable; hence modified kinematic viscosity model is presented. The system of governing equations of 3-dimensional unsteady Casson fluid was non-dimensionalized using suitable similarity transformation which unravels the behavior of the flow at full fledge short period. The numerical solution of the corresponding boundary value problem (ODE) was obtained using Runge-Kutta fourth order along with shooting technique. The intermolecular forces holding the molecules of Casson fluid flow in both horizontal directions when magnitude of velocity ratio parameters are greater than unity breaks continuously with an increase in Casson parameter and this leads to an increase in velocity profiles in both directions.
INTRODUCTION
The study of fluid mechanics can be referred to as motion of liquid or gasses subjected to an unbalanced forces or stresses such that the motion continues as long as unbalanced forces are applied. This body of knowledge has helped engineers, scientists and physicists to synthesize the transport phenomena of some fluids and this has drastically increased efficiency. The understanding of the effect(s) of thermal stratification on the intermolecular forces holding the molecules of non-Newtonian fluid flow with yield stress over a surface at absolute zero can be described as an open question. Scientifically, an answer to such open question may start by explaining the relationship between temperature, kinematic viscosity and a set of repulsive/attractive forces which tends to occur between the molecules of the fluid. Basically, the motion of Casson fluid is based on all these facts. As fluid flows over either a vertical or horizontal surface, Ludwig Prandtl reported the formation of the boundary layer and clarified the discrepancy known as "D'Alembert's paradox"; see Anderson [1] , Arakeri and Shankar [2] . Prandtl reported that the viscous effects can never be neglected no matter how small the magnitude of viscosity. Since the presentation of Ludwig Prandtl many researchers have considered the idea of Casson [3] to explain the motion and boundary layer analysis of Casson fluid flow on different surfaces because of its increasing applications in the industry and engineering processes. Pop et al. [4] reported the flow of Casson fluid in the region of stagnation point towards a stretching sheet and analyzed the heat transfer characteristics. Description of non-Newtonian Casson fluid flow with thermophoresis (particle deposition) on free convective heat and mass transfer of non-Darcian flow has been reported by Animasaun [5] . Recently, heat and mass transfer behavior of Casson fluid past an exponentially permeable stretching surface in the presence of thermal radiation has been discussed by Sandeep et al. [6] . It was reported that an increase in the magnitude of exponential parameter and heat source parameter enhances the heat transfer rate. Also remarked that the temperature profiles of the non-Newtonian Casson fluid effectively enhances compared with the temperature profiles of a Newtonian fluid. Recently, this attracted Animasaun et al. [7] to deliberate on mass transfer during the three-dimensional Casson fluid flow towards a stagnation-point and a surface on which the heat energy falls at lower limit of thermodynamic temperature scale in the presence of cross diffusion. It is observed that Nusselt number decreases significantly with Dufour number at a constant value of Soret number.
In many investigations on fluid flow, researchers have thoroughly investigated a case in which the temperature of the horizontal wall is of higher magnitude than that of free stream temperature. Likewise, there exist some cases in which the temperature of the wall is lesser than that of free stream. Typical example is the fluid flow over a melting surface as reported by Bachok et al. [8] and Ko . ríko . et al. [9] . This contribution to the body of knowledge attracted Bamisaye et al. [10] to establish the influences of internal heat source and melting surface on the flow of a non-Newtonian fluid (micropolar) when the magnetic-Reynold number of the flow is substantial. It was shown that the micro-rotation and induced magnetic field profiles increase with an increase in the melting. As we are standing on the floor (on planet earth), it may be realistic and valid to assume that the floor is at absolute zero of temperature (i.e. over a surface in which its heat energy falls at lower limit of the thermodynamic temperature scale). This often results in vertical density variations which is of great importance in industry due to its vast application in the industry. Dake and Harleman [11] extensively discussed the distribution of temperature across a deep lake and further explained the applications of thermal stratification in real life situation. This new idea has been properly considered in Adegbie et al. [12] and reported that it is possible to investigate the effect of temperature on the viscosity of upper-convected Maxwell fluid within thin boundary layer. The effect of temperature due to thermal stratification on layer of fluid next to the melting wall was investigated by Omowaye and Animasaun [13] . In order to choose the proper domain of the flow which is relevant to the real life applications Wang [14] considered a steady three-dimensional flow due to a stretching flat plate and studied only the velocity field. Nath et al. [15] extended the study and investigated unsteady boundary-layer equations governing the flow together with the heat and diffusion transport. Nadeem et al. [16] deliberated on magnetohydrodynamic (MHD) three-dimensional Casson fluid flow past a porous linear stretching sheet and assumed that the horizontal sheet is stretched with two different linear velocities along the plane.
The word "impulsive" was used to describe fluid flow by Sir George Stokes; for details, see 47th point in Stoke [17] . Thereafter, series of investigations have been carried out towards the understanding of the dynamics of impulsive induced fluid flow. Williams and Rhyne [18] argued extensively that the viscous flow within the boundary layer develops slowly, reaching a fully develop steady flow only after some period of time. The boundary layer development occurs in two stages (at small time and at large time). It was reported that for small time the fluid flow is dominated by the viscous and pressure gradient forces and the unsteady acceleration. For large time the fluid flow is dominated by the viscous forces, the pressure gradient and the convective acceleration. This led Sandeep and Sugunamma [19] to investigate and report the motion of an unsteady hydromagnetic free convection and radiative heat transfer along a vertical surface due to impulsive. Recently, Motsa and Animasaun [20, 21] to deliberate on the motion of unsteady gravity-induced nanofluid flow containing gyrotactic micro-organisms along downward vertical convectively heated surface and vertical surface due to impulsive. In all the above studies, little or no attention has been given to investigate an unsteady three-dimensional boundary layer flow of a Casson fluid over a horizontal surface at absolute zero. In this study, impulsive together with dual stretching of fluid layers adjacent to the wall at both ends are adapted to induce stagnation Casson fluid flow at the stagnation point (x = 0, y = 0, z = 0).
The Casson fluid flow along the horizontal surface at absolute zero subject to significant thermal stratification at free stream is theoretically investigated. Another objective of this study is to investigate full fledge unsteady three-dimensional stagnation Casson fluid flow due to impulsive and dual stretching of fluid layers at the wall and at free stream. This article presents a modified space dependent internal heat source suitable to model the heat distribution in the fluid flow over a surface at absolute zero subject to thermal and solutal stratification. The corresponding effect/influence of temperature on plastic dynamic viscosity and thermal conductivity of Casson fluid is considered. This can be traced to the fact that when the intermolecular forces holding the molecules of Casson fluid are strong, there may be a larger viscosity. Hence, this article proposed a suitable kinematic viscosity which models the physical configuration of the flow. Due to the nature of the Casson fluid flow (i.e. over a surface at absolute zero and subject to thermal stratification), this study presents the effects of temperature on the intermolecular forces, viscosity and velocity profiles in x−directions and also in y−directions. The knowledge will be useful in paint industry and syrup pharmaceutical industry. In this article, we presents the mathematical formulation of the problem in Section 2. The numerical solution of the dimensionless equations is presented in Section 3. In Section 4 the results and discussions are explained and we presents the conclusions based on the findings in Section 5.
MATHEMATICAL FORMULATION
The flow of two-dimensional, incompressible Casson fluid with variable plastic dynamic viscosity and thermal conductivity along a surface at absolute zero is considered. The flow under consideration is assumed to occupy the domain 0 ≤ z < ∞ as shown in Fig. 1 . It is assumed that the temperature of the horizontal surface T a and at the free stream T ∞ satisfies the condition T a < T ∞ .
As shown in Fig. 1 , x−axis and y−axis are taken along the horizontal surface while z−axis is taken as normal to the surface. It is assumed that the velocity of the external flow at y = 0 as z → ∞ is u ∞ = ex while the velocity of the external flow at x = 0 as z → ∞ is v ∞ = dy. The velocity of the stretching horizontal surface along x−direction is u w = ax while velocity of the stretching surface along y−direction is v w = by. In this study, "a", "e" and "d" are positive constants while "a" corresponds to the stretching rate of horizontal surface in both directions. The variables "x" and "y" measures the distance along the horizontal surface in x− and y−direction respectively. In addition, "e" and "d" corresponds to stretching rate of the layer of Casson fluid at free stream along x−direction and y−direction respectively. Firstly, two equal and opposite forces are introduced along x−axis and y−axis. Likewise, another two equal and opposite forces are introduced along x−axis and y−axis few distance above the wall (i.e. above the domain 0 ≤ z < ∞) keeping the origin fixed at z = 0. Initially, at t ≤ 0 the surface and the adjacent Casson fluid are at the same In this study, we shall consider a case in which the external force associated with stagnation flow complemented impulsive; hence these two forces induces the fluid to flow in x−direction and y−direction. Using boundary layer approximations (scaling analysis and order of magnitude), the governing equations for three-dimensional fluid are
Following the rheological equation by Hayat [22] and Mukhopadhyay [23] for an isotropic and incompressible flow of a Casson fluid as
where the yield stress of the Casson fluid denoted by P y is defined as
Recently, Adebile et al. [24] reported that when internal heat source is significant in the fluid domain, the classical kinematic viscosity may not be suitable and hence presented the kinematics viscosity of Casson fluid as a function depending on temperature dependent plastic dynamic viscosity of the non-Newtonian fluid, density of Casson fluid and Casson parameter. Following the explanation and the definition of viscosity given by Sir Isaac Newton in Batchelor [25] together with the context of Eqs. (3)- (5), kinematic viscosity suitable for Casson fluid is of the form
The impulsive is applied on fluid layer at free stream, this leads to a difference in force which result in an acceleration of the stagnated Casson fluid over a surface at absolute zero. The Bernoulli equation for the free stream flow just above the boundary layer where there is no viscous shear can be differentiated and used to account for the acceleration of external flow along x−direction and y−direction as
Substituting Eqs. (7) into Eq. (1) and Eq. (2), then using boundary layer approximations (scaling analysis and order of magnitude), the new kinematic viscosity Eqs. (6), the conservations of total mass and modified momentum equations (in which temperature dependent plastic dynamic viscosity of the non-Newtonian fluid is considered) of 3-dimensional Casson fluid flow are of the form
The above governing equations are subject to the following boundary conditions
Boundary conditions of velocity along x−direction in the absence of suction/injection when t > 0 u = u w (= ax), w = w w = −c ξaϑ v ay ∂η , at z = 0 and y = 0.
Boundary conditions of velocity along y−direction in the absence of suction/injection when t > 0 v = v w (= by), w = w w = − ξaϑ u ax ∂η , at z = 0 and x = 0.
In this research, it is assumed that the distribution of temperature in Casson fluid as it flows along x−direction and also along y−direction is uniform. This can be traced to the fact that the internal heat source distributes uniform temperature along the two directions. It is worth mentioning that in this study, the horizontal surface that we are considering is situated in hot environment (T a < T ∞ ). In addition, it is of important to note that the stratification of temperature also influences the concentration at the wall and also at the free stream. In view of this, the influence is properly considered. In this study, it is very important to remark that C a < C ∞ . In this study, the exponential heat source is adopted to account for internal distribution of temperature in energy equation. This concept can be traced to the idea of Crepeau and Clarksean [26] , Salem and El-Aziz [27] . It is very important to remark that the space dependent internal heat source is modeled such that its existence at initial unsteady stage following [18] is significant. The energy and concentration equations can be written as (14) ∂T ∂t
Considering both thermal and solutal stratification, boundary condition of temperature and concentration are
In order to account for the variation in thermo-physical properties of Casson fluid as it flows past a horizontal surface, it is valid to consider the modified mathematical model of temperature dependent viscosity model reported in Animasaun [28] together with the modified mathematical model of temperature dependent thermal conductivity model in Ref. [13] , similarity variables of temperature and concentration as
These modified models in Eq. (18) are considered based on the fact that in this study T a < T ∞ . Considering the relationship between plastic dynamic viscosity, exponentially internal heat source and free stream temperature of Casson fluid as stated in the first term of Eq. (18) together with dimensionless temperature θ(η, ξ) as defined in Eq. (18), 1 − θ(η, ξ) can be easily obtained. Then substituting
The kinematic viscosity of Casson fluid Eq. (6) as it flows over a surface at absolute zero situated in hot environment together with thermal stratification is proposed as
Using thermal and solutal stratification models defined in Eq. (16) and Eq. (17), it is easy to deduce that
T o and C o are known as reference temperature and concentration respectively. It is worth noticing from Eq. (21) that there exist two differences in temperature due to stratification. The two different temperature dependent viscosity parameters can be obtained, and these are of the form
Upon substituting Eq. (16) -Eq. (22) into Eq. (9) and Eq. (10) we obtained the transformed governing equations
Also, substituting second and third terms of Eq. (18) into Eq. (14)
Transformed energy equation is
The final step of non-dimensionalization is accomplished by using the following similarity variables extracted from [29] 
In order to investigate the initial unsteady stage only, upon substituting Eq. (22) (26) and Eq. (15), the corresponding dimensionless partial governing equations are reduced to coupled system of ordinary differential equations by setting ξ = 0
Subject to the following dimensionless boundary equations
Where, space dependent heat source parameter γ = Q o /(ρC p a), Prandtl number P r = C p µ b /κ b and Schmidt number S c = ϑ/D m . The physical quantities of interest in this problem are skin friction coefficients, Nusselt number and Sherwood number. These are defined as
Since the temperature and species distributions are uniform along x− and y−directions, Nusselt and Sherwood number are only defined along x−direction. Using the transformation variables in Eq. (18), Eq. (25) and Eq. (27) Re x = ax ϑ and Re y = ay ϑ we obtain the following dimensionless quantities which are proportional to local skin friction coefficient, local heat transfer and local mass transfer
NUMERICAL METHOD OF SOLUTION
Numerical solutions of the ordinary differential Eq. (28) -Eq. (31) subject to boundary conditions Eq. (32) and Eq. (33) are obtained using classical Runge-Kutta method with shooting techniques. The BVP cannot be solved on an infinite interval and it would be impractical to solve it for even a very large finite interval. In this study, the infinite boundary condition at a finite point η at infinity is 9. The set of coupled nonlinear ordinary differential equations along with boundary conditions have been reduced to a system of ten simultaneous equations of first order for ten unknowns following the method of superposition Na [30] . 
VERIFICATION OF THE RESULTS
In order to verify the accuracy of the present analysis, the results of Classical RungeKutta together with shooting technique have been compared with that of MATLAB package (bvp4c) solution for the limiting case when ω ∞ = 0.2, ε = γ = 0.2, n = 3.8, ς = 1, P r = 0.71, S c = 0.62, c = 0.6, λ 1 = λ 2 = 0.4 and S t = S sol = 0.2 at various values of β as η → 9. The comparison in the above case is found to be in good agreement, as shown in Table 1 . The good agreement is an encouragement for further study of the effects of other parameters on the fluid flow. Table 1 . Comparison of f (0) and g (0) using Runge-Kutta with shooting technique and MATLAB package (bvp4c) thermal conductivity parameter (ε = 0.2); effects of ω ∞ on the intermolecular forces holding all the molecules of 3-dimensional Casson fluid flow are investigated. It is observed that both velocity profiles f (η) and g (η) increases with an increase in ω ∞ as shown in Fig. 2 and Fig. 3 . At a constant reference temperature (T o ), an increase in the magnitude of ω ∞ implies an increase in temperature difference (T ∞ − T o ). It is worth pointing out that T ∞ is the free stream temperature which is strongly associated with thermal stratification parameter S t . The quantitative increase in the amount of temperature due to an increase in ω ∞ is converted to heat energy and breaks down all the intermolecular forces within the Casson fluid flow. As temperature difference (T ∞ − T o ) increases, the average intermolecular forces decreases and the molecules of Casson fluid flow are able to interact in a decreasing manner. In this study, it is observed that the increase in velocities f (η) and g (η) due to increase in ω ∞ are functions depending on ratio parameters λ 1 and λ 2 . Using λ 1 = λ 2 = 0.4 either implies stretching rate of the fluid layers at free stream (e = d = 0.4) which is lesser than the rate of stretching of the fluid layers adjacent to the surface at absolute zero (a = 1) or stretching of the fluid layers at free stream is unity (i.e. e = d = 1) which is lesser than the rate of stretching of the fluid layers adjacent to the absolute wall (a = 2.5). Physically as the magnitude of ω ∞ increases, stretching of fluid layers adjacent to the wall is greater than the stretching of the fluid layers at the free stream. Since the Casson fluid is in contact with the wall, this enhance the reduction in strength of the intermolecular forces holding the molecules of the fluid; and hence explains the increase in f (η) and g (η) with ω ∞ as shown in Fig. 2 and Fig. 3 . In addition, the effects of ω ∞ on the velocity functions f (η) and g (η) when (λ 1 , λ 2 ) > 1 is investigated. Using λ 1 = λ 2 = 1.4 implies stretching rate of the fluid layers at free stream is 1.4 which is greater in magnitude than the stretching rate of the fluid layers adjacent to the surface at absolute zero (a = 1) or stretching of the fluid layers at free stream is unity (i.e. e = d = 1) which is greater than the rate of stretching of the fluid layers adjacent to the surface at absolute zero (a = 0.714). It is observed in Fig. 4 and Fig. 5 that the influence of excessive stretching at the free stream overpowers the influence of increasing ω ∞ . As temperature difference (T ∞ − T o ) increases, the corresponding heat energy actually breaks down all the intermolecular forces but the stretching effect dominates and leads to decrease in f (η) and g (η) with ω ∞ . The variations of local skin friction coefficients f (0) and g (0) with velocity ratio parameters (λ 1 , λ 2 ) at different values of temperature dependent plastic dynamic viscosity parameters (ω ∞ ) are shown in Fig. 6 . It is observed that the point of intersection in f (0) is 1 while the point of intersection in g (0) is 0.6.
Physically, these points are dependent on the stretching rate at the wall which are f (η = 0) = 1 and g (η = 0) = c = 0.6. It is seen that before the intersection points mentioned above as ω ∞ increases, local skin friction coefficients f (0) and g (0) increases significantly along x−direction and increases negligibly along y−direction respectively. It is worth mentioning that this is the case in which influence of temperature on the intermolecular forces is enhanced by the stretching of the horizontal surface in both directions. Due to the increase in the velocity profiles, the skin friction coefficients increases as well. Reverse is the case when velocity ratio parameters (λ 1 , λ 2 ) > 1. It is observed that local skin friction coefficients [f (0), g (0)] decreases along x−direction and y−direction with an increase ω ∞ . It is further observed that the nature of heat energy at the surface (wall) which is of absolute zero accounts for the reason why temperature at the wall is zero as shown in Fig. 7 . The increase in the magnitude of space dependent internal heat source that exists at initial unsteady stage γ leads to an increase in temperature profiles. Effects of Casson parameter (β) on the velocity functions f (η) and g (η) are shown in Figs. [8] [9] [10] [11] . When λ 1 = λ 2 = 0.8, it is observed that f (η) decreases with an increase in the magnitude of Casson parameter. An increase in β implies a decrease in yield stress P y of the Casson fluid; this effect creates resistance in the fluid flow; see Fig. 8 . The reverse is the case as shown in Fig. 9 . It is observed that stretching of velocity along y−direction strongly influences the fluid flow. The increasing effect in velocity profiles g (η) as shown in Fig. 9 can be traced to the boundary condition
The effect of Casson parameter β on the velocity of 3-dimensional stagnation Casson fluid flow over a surface at absolute zero when velocity ratio parameter λ 1 = λ 2 = 1.4 is illustrated in Fig. 10 and Fig. 11 . It is observed that the excessive stretching of Casson fluid at free stream enhance the effects of increasing Casson parameter; a significant increase of f (η) and g (η) within the fluid domain 0 ≤ η ≤ 9. It is further observed that as β → ∞, the characteristics of the non-Newtonian fluid is tending towards that of Newtonian fluid. This leads to a negligibly increase in f (η) and g (η) when β increases from 1.0 to 1.2. Table 2 depicts the influence of modified space dependent internal heat source parameter γ on Nusselt number and Sherwood number. The local heat transfer rate which is proportional to Nusselt number decreases with an increase in the magnitude of γ. A negligible decrease in local mass transfer rate due to an increase in γ is also observed.
CONCLUSION
The similarity solutions of 3-dimensional unsteady Casson fluid flow over a surface at absolute zero subject to thermal and solutal stratification have been investigated. All the necessary conditions are properly considered and incorporated into the gov- erning equations. The governing (dimensional) partial differential equations are converted into (dimensionless) nonlinear ordinary differential equations by using similarity transformation and solved numerically. The influence of modified space dependent internal heat source on the intermolecular forces which bonds the molecules of Casson fluid is properly investigated. The conclusions are as follows:
1. Increase in temperature dependent plastic dynamic viscosity parameters corresponds to increase and decrease in velocity functions of Casson fluid flow when (λ 1 , λ 2 ) < 1 and (λ 1 , λ 2 ) > 1 respectively. When velocity ratio parameter c < 1, local skin friction coefficients f (0) and g (0) of Casson fluid flow over a surface at absolute zero decreases with an increase temperature dependent plastic dynamic viscosity parameters when (λ 1 , λ 2 ) > 1 and (λ 1 , λ 2 ) > 0.6 respectively.
2. Velocity ratio parameters (λ 1 , λ 2 ) and influence of the horizontal surface at absolute zero have a significant effect on temperature profiles near the wall. Maximum values of γ leads to high quantity of temperature distribution which consequently corresponds to maximum amount of heat energy within Casson fluid as it flows over a horizontal surface at absolute zero. Casson parameter have the tendency to reduce and increase the velocity along x−direction only when velocity ratio parameters (λ 1 , λ 2 ) < 1 and (λ 1 , λ 2 ) > 1 respectively.
